Abstract. We characterize coset spaces of topological groups which are coset spaces of (separable) metrizable groups and complete metrizable (Polish) groups. Besides, it is shown that for a G-space X with a d-open action there is a topological group H of weight and cardinality less than or equal to the weight of X such that H admits a d-open action on X. This is further applied to show that if X is a separable metrizable coset space then X has a Polish extension which is a coset space of a Polish group.
Introduction
In the study of topological homogeneity it is natural to ask about groups (or their classes) which realize the homogeneity in question. This approach may give an additional information about the phase space, its degree of homogeneity and type of the action. The survey of A. V. Arhangel'skii and J. van Mill [6] can serve as a good introduction to the subject of the paper.
General Question. Let X be a coset space of a topological group and assume that X belongs to a class P of topological spaces. Can X be a coset space of a topological group G from a given class P ′ ? We can ask also about additional properties of the natural action G X = G/H.
If a coset space X is locally compact, then X is a coset space of the group G = Hom(X) in the g-topology [8, Theorems 3] which is a Raikov complete topological group [8, Theorem 6] and w(G) ≤ w(X). The inequality follows from the following facts: Hom(X) is a subgroup of Hom(αX), where αX is the Alexandroff compactification of X; the g-topology of Hom(X) is induced by the compact open topology on Hom(αX); and for the base of the compact open topology on Hom(αX) which weight is equal to w(αX) = w(X) one can take open sets as the sets from a big base of αX and compact sets as their closures.
From Effros's theorem [11] and the above fact G. Ungar [32] deduced that a homogeneous separable metrizable locally compact space is a coset space of a Polish group. F. Ancel [3, Question 3] asked whether every homogeneous Polish space is a coset space, preferably, of some Polish group. J. van Mill [28] gave an example of a homogeneous Polish space which need not be a coset space at all. However the following question still remains open.
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Question. Is a separable metrizable (respectively Polish) coset space X a coset space of some separable metrizable (respectively Polish) group?
This question has a positive answer in the case of strongly locally homogeneous spaces. Recall that a space X is strongly locally homogeneous (abbreviated, SLH) if it has an open base B such that for every B ∈ B and any x, y ∈ B there is a homeomorphism f : X → X which is supported on B (that is, f is the identity outside B) and moves x to y [13] . Any homogeneous SLH space is a coset space [13] . J. van Mill made this result more precise by showing that a separable metrizable (respectively Polish) SLH space is a coset space of a separable metrizable [27] (respectively Polish [28] ) group.
In this paper we are specially interested in the question when a metrizable coset space is a coset space of a metrizable group.
Recall that a space X is metrically homogeneous if there exists a metric ρ on X such that the action of the group of isometries Iso(X, ρ) is transitive. From [22] it follows that if a coset space G/H with respect of a compact subgroup H ⊂ G is metrizable, then it is metrically homogeneous. The group Iso(X) of a metric compactum X is a closed and equicontinuous subgroup of Hom(X) in the compact open topology. Hence, Iso(X) in the compact open topology (which coincides with the topology of pointwise convergence [10, Theorem 1, Ch. X, §2, 4]) is compact due to Ascoli's theorem. Therefore, a metrically homogeneous compactum is a coset space of a compact metrizable group. We proved the following N. Okromeshko's theorem.
Theorem 1.1. [29]
A metrizable compactum X is a coset space of a compact metrizable group iff it is metrically homogeneous.
Recall that a metric ρ on a space X is called proper if every ball has compact closure. An action of a G-space (G, X, α) is called proper [9, Ch., IV] if the map G× X → X × X, (g, x) → (gx, x) is perfect. From [1, Theorem 1.1] (necessity) and [14, Corollary 5.6 ] (sufficiency) we get the following generalization of Theorem 1.1. Theorem 1.2. A locally compact separable metrizable space X is a coset space of a locally compact separable metrizable group G and the natural action G X = G/H is proper iff X is metrically homogeneous with respect to a proper metric. Proposition 2.7] it is shown, in fact, that the existence of a proper G-invariant metric on a coset space X of a locally compact separable metrizable group G is equivalent to the fact that X is metrically homogeneous and the stabilizers of the natural action Iso(X) X are compact.
A homeomorphism g ∈ Hom(X) of a metric space (X, ρ) is a Lipschitz homeomorphism if there is λ ≥ 1 such that
Let L(X, ρ) denote the group of all Lipschitz homeomorphisms. A metrizable space X is called Lipschitz homogeneous if there exists a metric ρ on X such that the action of L(X, ρ) in the discrete topology is transitive. A. Hohti and H. Junnila [16] showed that every homogeneous locally compact separable metrizable space X is Lipschitz homogeneous. A. Hohti [15, Theorem 3 .1] strengthened this result in a compact case showing that a compact metrizable X is a coset space of L(X, ρ) in the compact open topology for some metric ρ on X.
These results show that the approach of characterizing groups which realize homogeneity of metrizable spaces using metrics and properties of homeomorphisms connected with them is not new.
In Theorem 4.8 we characterize coset spaces which are coset spaces of (separable) metrizable groups. We use (totally bounded) metrics on coset spaces and the topology of uniform convergence on the groups of uniform equivalences with respect to these metrics.
In Theorem 4.10 and Corollary 4.12 we characterize complete metrizable coset spaces which are coset space of complete metrizable groups (in particular of the same weight). The approach is based on the possibility of extension of the action G × X → X to an action ρG × β G X → β G X, where ρG is the Raikov completion of the acting group G and β G X is the extension of X with respect to the maximal totally bounded equiuniformity. X of a group H of cardinality and weight less than or equal to the weight of X. This may provide some technique for possible approach to the questions formulated in the paper. For example, Theorem 5.10 shows that if X is a coset space of a complete metrizable group then it is a coset space of a complete metrizable group G with w(G) = w(X). This technique also allows to construct equivariant compactifications preserving the weight and the d-openness of actions (Theorem 5.13). Besides, we show that if X is a separable metrizable coset space, then X has a Polish extension which is a coset space of a Polish group. Moreover, to this Polish extension an arbitrary countable family of homeomorphisms of X can be extended (Corollary 5.21).
Preliminaries
All spaces, unless otherwise stipulated, are assumed to be Tychonoff, maps are continuous, notations and terminology are from [12] . A topological space (a space X with topology τ ) is denoted by (X, τ ) if we want to emphasize which topology is considered. Uniformities are introduced by families of covers. For information about uniform spaces see [17] , [30] .
Nbd(s) is an abbreviation of open neighborhood(s), unless otherwise stipulated, cl τ A or simply clA, and int τ A or simply int A are the closure and the interior of a subset A of a space (X, τ ) or X, respectively. For a family u of subsets of X, and
For covers u and v of X we denote u ≻ v, u * ≻ v if u refines, respectively star-refines v. A metrizable space is called Polish if it is separable and has a complete metric. A map id is an identity map.
For information about topological groups see [7] and [30] . By N G (e) we denote the family of nbds of the unity e ∈ G. ρG is the Raikov completion (or completion in the two-sided uniformity) of a topological group. Hom(X) is the group of homeomorphisms of X.
For general information about actions see [33] , [5] , [23] and [20] . By (G, X, α) we denote an action α of a group G on a topological space X such that the map
, is continuous (is a homeomorphism) for every g ∈ G.
Here the action doesn't depend on the topology of the acting group. If G is a topological group and the action α : G × X → X is continuous then (G, X, α) is called a G-space or a topological transformation group. By a Polish G-space (respectively, separable metrizable G-space) we mean a G-space (G, X, α) where X and G are Polish (respectively, separable metrizable) spaces. If X = G/H is a coset space of a topological group G, then (G, X, α) is a G-space with the natural action α(g, xH) = (gx)H, where g, x ∈ G.
A pair of maps (ϕ :
is commutative is called equivariant (thus the equivariantness is defined not only for maps of G-spaces with the same acting group; it generalizes the traditional concept of equivariantness). We shall use the notation (ϕ, f ) :
The commutativity of the diagram may be written as the fulfillment of the following condition
The composition of eqiuvariant pairs of maps is an equivariant pair. If f is an embedding then the pair (ϕ, f ) is an equivariant embedding of (G,
where bX is a compactification of X. The maximal G-compactification is denoted (G, β G X, α β ). The set {g ∈ G | gx = x, ∀x ∈ X} is the kernel of the action. If the kernel of an action is {e}, then the action is called effective.
Let (G, X, α) be a G-space and A(X) be the set of all functions X → R. We can define an action of G on A(X) by (gf )(
G-uniform maps were introduced by J. de Vries [34] under the name of α-uniform maps, where α : G × X → X is an action.
The set C * G (X) of all bounded G-uniform functions on X is an invariant subset of A(X). Moreover, (G, X, α) is G-Tychonoff iff C * G (X) separates points and closed subsets of X [5] .
For an action α : G × X → X on a uniform space (X, U) the following conditions are equivalent:
(1) for any u ∈ U there exists O ∈ N G (e) such that the cover {Ox
The action is bounded with respect to some uniformity on X iff (G, X, α) is GTychonoff. Uniformity U on a space X of a G-space (G, X, α) is called an equiuniformity [24] if it is saturated (i.e. that all homeomorphisms from G are uniformly continuous) and the action is bounded with respect to U. An action α : G×X → X on a uniform space (X, U) equipped with an equiuniformity U, has a continuous extensionα ρ : ρG ×X →X, where ρG is the Raikov completion of G andX is the completion of X with respect to U [24] . Evidently, the restrictionα : G ×X →X ofα ρ is also continuous. Among equiuniformities there is the maximal one.
An action α : [18] , [20] , [19] and [21] .
Compactification theorem
The following result is a part of [25, Theorem 2.13] . We shall present the proof for completeness of the exposition. By ib(G) will be denoted the index of narrowness of a topological group G, see [7, Chapter 5 
Lemma 3.1. Let (G, X, α) be a G-space and T be an invariant subset of C * G (X) that separates points and closed subsets of X. Then the initial uniformity U T with respect to T is a totally bounded equiuniformity on X.
Proof. The uniformity U T is compatible with the topology of X since the maps from T are continuous and separate points and closed subsets of X. Further, U T is totally bounded since it is the initial uniformity with respect to the maps to compacta and saturated since T is an invariant subset of C * G (X). Finally, since T consists of G-uniform functions, the action is bounded by U T .
Let (G, X, α) be a G-space. The set C * G (X) of all bounded G-uniform functions X → R endowed with point-wise defined algebraic operations and with the supnorm f = sup x∈X f (x) is a Banach space. It is well-known that the action
is linear, isometric and continuous (see, e.g., [5] ).
Then the initial pseudouniformity U T f with respect to the maps from T f has weight ≤ ib(G).
To finish the proof it is enough to show that the initial pseudouniformity with respect to the maps from G ∞ f coincides with U T f .
The subbase of u ∈ U T f is of the form (hf ) −1 v, where v is a uniform cover of (hf )(X) ⊂ R by intervals of diameter ε,
where t h ∈ O n . Thus, the pseudouniformity with respect to the maps from G ∞ f is a base of
Proof. There exists a subset T ′ ⊂ C * G (X) that separates points and closed subsets of X such that |T ′ | ≤ w(X). Therefore, the invariant subset
separates points and closed subsets of X. By Lemma 3.1 U T is a totally bounded equiuniformity on X. Hence, the completion of X with respect to U T is a compactum B and (G, B,α) is a G-compactification of (G, X, α) (see Section 2).
Since
Taking into account that the weight of a compactum coincides with the weight of its unique uniformity, we get w(B) ≤ ib(G) · w(X).
A group G is ω-narrow iff ib(G) ≤ ℵ 0 , see [7, Chapter 5, §5.2] . The following corollary is a compactification theorem for actions of ω-narrow groups. 
Characterizations of coset spaces of metrizable groups
Theorem 4.1. [13, Theorem 2.2] If X possesses a uniform structure U under which every element of some homeomorphism group G is uniformly continuous, then G is a topological group relative to the uniform convergence topology induced by the uniformity. (c) We can add the following to Theorem 4.1. Uniformity U is an equiuniformity with respect to the natural action G X and, hence, (G, X, α) is a G-Tychonoff space. In fact, each element of G is a uniformly continuous map. Therefore, the uniformity U is saturated.
For arbitrary u ∈ U take v ∈ U such that v * ≻ u and a nbd O v of e in G.
Recall that a bijective map f of uniform spaces is called a uniform equivalence if f and f −1 are uniformly continuous. We denote by H(X, U) the group of uniform equivalences of a uniform space (X, U). An evident consequence of Remark 4.2(a) is the following corollary. It is well known that there is a unique uniformity U an a compactum X and Hom(X) = H(X, U). Proof. Let U be the unique uniformity on X, τ U and τ CO be the topology of uniform convergence and the compact open topology on G, respectively.
In order to prove the inclusion τ U ⊃ τ CO it is enough to show that any nbd in compact open topology of the unity e ∈ G contains a nbd of e in the topology of uniform convergence. A typical sub-basic nbd of e in the topology τ CO looks like
For the proof of the converse inclusion take arbitrary nbd of e in the topology τ U of the form O u , u ∈ U. Let w, v ∈ U be such that v * ≻ w * ≻ u. Take a finite subcover
. . , n} is a nbd of e in the topology τ CO and W ⊂ O u .
Corollary 4.5. If w(U) ≤ ℵ 0 for a totally bounded uniformity U on X then H(X, U) in the topology of uniform convergence is separable and metrizable.
Proof. The completion bX of X with respect to U is a metrizable compactum. Since each homeomorphism g ∈ H(X, U) is uniformly continuous, it admits a unique extension g ′ : bX → bX which is uniformly continuous with respect to the unique uniformity on bX. Clearly, (g • h) ′ = g ′ • h ′ and 1 ′ X = 1 bX . In other words, the map g → g ′ is a monomorphism of the group H(X, U) into the group Hom(bX). Thus, identifying H(X, U) with its image in Hom(bX), we can assume that H(X, U) is a subgroup of Hom(bX). Then by Proposition 4.4 the topology of uniform convergence on H(X, U) coincides with the compact open topology. The latter topology is separable and metrizable. The rest follows from the coincidence of U with the restriction on X of the the unique uniformity of bX. Theorem 4.6. Let (G, X, α) be a G-space with an open effective action, U be the maximal equiuniformity on X. Then (1) each element of G is a uniform equivalence (with respect to U), (2) the topology of uniform convergence τ U on G is coarser than the original one, (3) ((G, τ U ), X, α) is a G-space with an open action, (4) U is the maximal equiuniformity on X in the G-Tychonoff space ((G, τ U ), X, α).
Proof. (1) follows immediately from the definition of an equiuniformity.
(2) Let N G (e) denote the base of nbds of e in the original topology. If the action is open then the covers u = {U x | x ∈ X}, U ∈ N G (e), are the base of the maximal equiuniformity U on X. Since for V = V −1 , V 3 ⊂ U we have {V x | x ∈ X} * ≻ {U x | x ∈ X}, the base of nbds (not open) of e in the topology of uniform convergence τ U consists of the sets O u = {g ∈ G | ∀x ∈ X g(x) ∈ U x}, U ∈ N G (e). Hence, it suffices to prove that for every set O u , its interior int τU O u is open in the original topology. In turn, it is enough to show that U ⊂ int τU O u . Indeed, for arbitrary g ∈ U , there is V ∈ N G (e) such that V g ∈ U . For any h ∈ O v we have h(x) ∈ V x for all x ∈ X. Thus hg(x) ∈ V g(x) ⊂ U x for all x ∈ X. Therefore, hg ∈ O u and O v g ⊂ O u showing that g ∈ int τU O u . Hence, U ⊂ int τU O u , as required.
(3) From Remark 4.2 (c) it follows that ((G, τ U ), X, α) is a G-space, and the action is open since the topology τ U is coarser than the original one.
(4) From the inclusions U ⊂ int τU O u ⊂ O u for U ∈ N G (e) and the equality O u x = U x, x ∈ X, it follows that (int τU O u )x = U x, x ∈ X. Hence, the maximal equiuniformity on X for the action of G in the topology τ U is the same as the original one.
The following lemma immediately follows from the definition of the topology of uniform convergence.
Lemma 4.7. Let (G, X, α) be a G-space with equiuniformities U ⊃ V on X. Then for the topologies τ U , τ V of uniform convergence on G we have τ U ⊃ τ V . (a) X is a coset space of a (separable) metrizable group G; (b) there is a (totally bounded) metric ρ on X such that X is a coset space of the group of uniform equivalences with respect to ρ in the topology of uniform convergence.
Proof. (a) =⇒ (b) Let a (separable) metrizable space X be a coset space of a (separable) metrizable group G. Then (G, X, α) is a G-space with a natural action of G on X by left translations (open and transitive). If G is separable and metrizable, then by Theorem 3.3 there is an equivariant embedding (id, f ) : (G, X, α) → (G, B,α) where B is a metrizable compactum. There is a unique (up to a metric equivalence) totally bounded metricρ on B, and all elements of G are uniform equivalences with respect to the correspondent unique totally bounded uniformity Uρ with countable weight which is an equiuniformity. Let ρ =ρ| X×X . Then ρ is a totally bounded metric on X with respect to which all elements of G are uniform equivalences. Moreover, the correspondent totally bounded equiuniformity U ρ = Uρ| X is weaker than the maximal equinuformity on X.
If G is metrizable then the weight of the maximal equiuniformity U on X is countable. In fact, the covers {Ox | x ∈ X}, O ∈ N G (e), constitute a base of the maximal equiuniformity [18] . Since G is metrizable we can take the countable base of the maximal equiuniformity. Let ρ be a metric on X which generates this uniformity.
In both cases, by Theorem 4.6 and Lemma 4.7, the topology τ ρ of uniform convergence with respect to ρ on G is weaker than the original topology on G. Hence, by Theorem 4.6, ((G, τ ρ ), X, α) is a G-space with an open action. Evidently, the natural action α ′ : H(X, U)×X → X of the whole group of uniform equivalences is open since (G, τ ρ ) is a subgroup of (H(X, U), τ U ) and α ′ | G×X = α. (b) =⇒ (a) Let α β : G×β G X → β G X and α ρβ : ρG×β G X → β G X be extensions of the action α : G × X → X. The G-space (ρG, β G X, α ρβ ) and the equivariant embedding (i, id) : (G, β G X, α β ) → (ρG, β G X, α ρβ ), where i : G → ρG is the natural embedding, are well defined by [24] . The group ρG is complete metrizable as the Raikov completion of a metrizable group [30] . By Lemma 4. Remark 4.13. According to [24] , any action G × X → X on a G-Tychonoff space can be extended to an action ρG ×X →X, where ρG is the the Raikov completion of the acting group G andX is the completion of the phase space X with respect to any equiuniformity. Therefore, in Theorem 4.10 and Corollary 4.12 we can use the completion of a phase space X with respect to any equiuniformity and not only the maximal totally bounded equiuniformity which corresponds just to β G X.
Question 4.14. Can in Theorem 4.10 the group G be taken as a subgroup of H(X, U) with the topology of uniform convergence for some uniformity U with a countable base on X? c) The required group is the Riakov completion of T in this topology.
Replacing an action but preserving d-openness
Lemma 5.1. Let (G, X, α) be a G-space with a d-open action, and Y be a dense subset of X. Then for every O ∈ N G (e)
is a cover of X.
For the set int(cl(V x)) ∈ γ V there exists a point y ∈ Y such that y ∈ int(cl(V x)) (since Y is dense in X). Lemma 3 of [18] establishes the inclusion St(y, γ V ) ⊂ int(cl(Oy)). Thus, int(cl(V x)) ⊂ int(cl(Oy)) and, hence, γ V ≻ λ O , as required. Proof. Since the action is continuous, the family {int(cl(Ox)) | x ∈ X, O ∈ N G (e)} is a base for X. There exists its subfamily B of cardinality w(X) which is a base of X. Each element B ∈ B is of the form int(cl(O B x B )) where
Put Y = {x B | B ∈ B}. Evidently, Y is a dense subset of X and |Y | ≤ w(X). For every y ∈ Y let O y ⊂ N G (e) be such that |O y | ≤ w(X) and {int(cl(Oy)) | O ∈ O y } is a local base at the point y.
Put O = {O B | B ∈ B}∪ {O y | y ∈ Y }. Evidently, |O| ≤ w(X). Conditions (3) and (4) Therefore, H = {O | O ∈ O} is a subgroup of G and, since Hy = y for any y ∈ Y , and Y is dense in X, it follows that H belongs to the kernel of the action. Moreover, ψ(H, G) ≤ w(X), where ψ(H, G) is a pseudocharacter of H in G.
The following conditions are sufficient for an action to be d-open.
Proposition 5.4. Let (G, X, α) be a G-space and Y be a dense subset of X such that:
Then the action on X is d-open.
By condition (2), for any x ∈ X there is y ∈ Y such that x ∈ int(cl(U y)). For any V ∈ N G (e), from condition (3), we have x ∈ int(cl(U y)) ⊂ U 2 int(cl(V y)). Hence, there is g ∈ U 2 such that gx ∈ int(cl(V y)) and Ox ∩ int(cl(U y)) is dense in int(cl(U y)). Therefore, x ∈ int(cl(U y)) ⊂ cl ( (c) for any O ∈ B and arbitrary g ∈ G there is V ∈ B such that gV g
Proof. Starting with O 1 = O we can 1) assume that the sets O ∈ O 1 are symmetric (take the sets 
Applying the same procedure to O 2 we obtain the family O 3 of cardinality τ and so on. The family {O n | n ∈ N} is the required filter basis B ⊂ N G (e) of cardinality τ . 
There is a subset
Let H 1 be the subgroup of G generated by the subset Since H ′ is a subgroup of G and T belongs to the kernel of the action α, the action γ : The following corollary gives an answer to Question 2.6 from [21] . Proof. From the proof of Theorem 5.6 it follows that there exists a countable subgroup H ′ of G such that (q, id) : (H ′ , X, α| H ′ ×X ) → (H, X, γ) is an equivariant embedding in a separable metrizable topological transformation group (H, X, γ) with a d-open action. From Corollary 3.4 it follows that (H, X, γ) has an equivariant compactification (H, bX,γ), where bX is metrizable. Let Y ⊂ bX be the set of points at which the actionγ is d-open. It is an invariant subset of bX and X ⊂ Y by [19, Proposition 3] . By [24] (H, bX,γ ρ ) is equivariantly embedded in (ρH, bX,γ) and the action of ρH on bX is d-open at the same invariant set of points Y by Lemma 4.9. Put T = ρH, T is Polish. In [3] it is proved that the action of T on Y is open and, hence, Y is Polish.
Remark 5.20. In order to prove Corollaries 5.18 and 5.19 we can use M. Megrelishvili's Theorem 2.5 from [26] . We can equivariantly embed a separable metrizable G-space in (I ω , Hom(I ω ), π) and then take the closures of the embedded group in Hom(I ω ) with the compact open topology and the embedded space in I ω .
Corollary 5.21. Every separable metrizable space X which is a coset space of some group has a Polish extensionX which is a coset space of a Polish group. Moreover, if we fix any countable number of homeomorphisms S of X thenX can be constructed in such a way that S are extended toX.
